Journal of Mathematical Chemistry, Vol. 42, No. 3, October 2007 (© 2006)
DOI: 10.1007/s10910-006-9131-8

Extremal (n, n + 1)-graphs with respected
to zeroth- order general Randi¢ index

Shubo Chen and Hanyuan Deng*

College of Mathematics and Computer Science, Hunan Normal University, Changsha,
Hunan 410081, P.R. China
E-mail: hydeng@hunnu.edu.cn

Received 15 March 2006; revised 5 April 2006

A (n,n+1)-graph G is a connected simple graph with n vertices and n+1 edges. If d,
denotes the degree of the vertex v, then the zeroth-order general Randi¢ index Rg(G)
of the graph G is defined as >,y () dy » where o is a real number. We characterize, for
any «, the (n, n + 1)-graphs with the smallest and greatest zeroth-order general Randi¢
index.
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1. Introduction

Let G = (V, E) be a simple connected graph with the vertex set V and the
edge set E. For any v € V, N(v) denotes the neighbors of v, and d, = [N (v)]| is
the degree of v. The Randi¢ index (or connectivity index) of G was introduced
by Randi¢ in 1975 and defined as [1]

R(G) = D (dudy)~'/.

uvekE

Randi¢ demonstrated that his index is well correlated with a variety of
physic-chemical properties of various classes of organic compounds. Eventually,
the index R(G) has become one of the most popular molecular descriptors (see
[2-4]).

In [5], generalized R(G) by replacing the exponent —1/2 by an arbitrary
real number «. This graph invariant is called the general Randi¢ index and
denoted by Ry, ie., Ry(G) = > (d,dy)*. Li and Yang [6] studied R, for all

uvek
graphs of order n and characterized the corresponding extremal graphs. Later,
Hu et al. [7, 8] determined the trees with extremal R,, and Li et al. [9] gave the
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lower and upper bounds for R, of chemical (n, m)-graphs. Other results of the
general Randi¢ index can be found in [10].
The zeroth-order Randi¢ index defined by Kier and Hall [11] is

RG)= > a;'”

veV(G)

Pavlovi¢ [12] determined the unique graph with maximum value of R%(G). Lang
et al. [13] investigated the same problem for the topological index M (G), also
known as Zagreb index, which is defined as M1(G) = > .y (g d?. Eventually,
Li and Zheng [14] defined the zeroth-order general Randi¢ index of a graph G
as

RYG) = > d¥

veV(G)

for any real number «. Li and Zhao [10] characterized trees with the first three
largest and smallest zeroth-order general Randi¢ indices and Wang and Deng
[15] characterized the unicycle graphs with the maximum zeroth-order general
Randi¢ index with the exponent o being equal to m, —m, 1/m, —1/m, where
m>2 is an integer. Hua and Deng [16] characterized the unicycle graphs with
the maximum and minimum zeroth-order general Randi¢ index for any real
number «.

In this paper, we investigate the zeroth-order general randi¢ index Rg(G)
of (n,n + 1)-graphs G, i.e., connected simple graphs with n vertices and n + 1
edges. We characterize the (n,n + 1)-graphs with extremal (maximum or mini-
mum) zeroth-order general Randi¢ index.

Note that if ¢ = 0 then Rg(G) =n, and if « = 1 then Rg(G) = 2m. There-
fore, in the following we always assume that o # 0, 1.

First, we need to introduce some transformations.

Denote by D(G) = [di,d,...,d,] the degree sequence of the graph G,
where d; stands the degree of the ith vertex of G, and dy > dy > --- > d,,.

If there is a graph G, such that d; > d; + 2. Let G’ be the graph obtained
from G by replacing the pair (d;, d;) by the pair (d; —1,d; +1). In other words,
if D(G) = [di,da,...,di_1,d;, dit1, ..., dj_l, dj, dj+1, ...,dy], then D(G") =
ldi,do, ..., di—1,d; — 1,d,-+1,...,dj_1,dj + l,dj_H,...,dn].

Lemma 1.1 ([17]). For the two graphs G and G’, specified above, we have
(i) R%(G) > R%UG") for @ <0 or a > I;

(i) R%U(G) < RY(G') for 0 < & < 1.

From lemma 1.1, we have immediately



S. Chen and H. Deng| Zeroth-order general Randi¢ index 557

Theorem 1.1. Let G be a (n, n + 1)-graph with degree sequence [d}, da, ..., d,],
such that |d; —d;| < 1 for any i # j. Then for « <0 or @ > 1, G has the mini-
mum zeroth-order general Randi¢ index among all (n, n+ 1)-graphs, whereas for
0 < a < 1, Gy has the maximum zeroth-order general Randi¢ index among all
(n,n + 1)-graphs.

In fact, Gg is one of the graphs in figure 1.

Transformation A: If there are two vertices u and v in G such that d, = p > 1,
dy =¢q > 1,and p < q. uy,uy,...,u; are adjacent to u, G' = G — {uuy, uuy,
oo uugt 4 {vug, vuo, ..., vug ), 1 < k< p, as shown in figure 2.
Lemma 1.2. For the two graphs G and G’ above, we have
(i) R%(G") > RYU(G) for a <0 or & > 1;
(i) R%(G") < RY(G) for 0 < < 1.
Proof. By the definition of Rg (G), we have
A =R%G) - RYG)
=[(p =% + (g + b1 = [p* + ¢”]
=[(g +b)* —q*1 = [p* — (p — k)*]
= kE* ! —eh,

where n € (p —k, p), E € (g, q+k). & > nsince p < g. Then A >0 when « > 1
ora <0; A <0 when 0 <a < 1. So, the proof of lemma 1.2 is completed.

Tl

Figure 1.
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Figure 2.
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Transformation B: Let uv be an edge G, the degree dg(u) of u is p > 1, Ng(v)
is the neighborhood of v and Ng(v) — {u} = {wi,wr,..., w;}. G = G —
{fvwy, vwa, ..., vw;} + {uwy, uwy, ..., uw;}, as shown in figure 3.

Lemma 1.3. For the two graphs G and G’ above, we have
(i) R%UG") > RY(G), for a > 1 or a < 0;
(i) RY(G") < RY(G), for 0 <a < 1.

Proof. If p > 1+ 1, then

A = RY%G) - RYG)
=[(p+D*+11—[p*+ (I + D%
=[(p+D%— p*1— [+ D* — 19]
=al(E* 1 -y me (1, 1+1),€e(p,p+D).

If p <l+1, then

A =R%G") — RYG)
=[(p+D*+11—[p* + ( + "]
=[(p+D% =+ 1 —[p* — 19]
=a(p— DE —n*h me,pLEcl+1,p+D).

So, € >pand A >0 when o >1ora <0; A <0 when 0 <« < 1. The proof
of lemma 1.3 is completed.

Note that the zeroth-order general Randi¢ index will increase for a > 1 or
a < 0 and decrease for 0 < @ < 1 by using transformations A or B.

Now, we need to introduce some notations.

Let G(n,n + 1) be the set of simple connected graphs with n vertices and
n+ 1 edges.

For any graph G € G(n,n + 1), there are two cycles C, and Cy in G.

(1) A(p, q) is the set of G € G(n, n+1) in which the cycles C, and C, have
only one common vertex;

(2) B(p, q) is the set of G € G(n,n+1) in which the cycles C,, and C, have
no common vertex;

w1

w
1 W

w2

wy wy

Figure 3.
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(3) C(p.,q,1) is the set of G € G(n,n + 1) in which the cycles C, and C,
have a common path of length /.

Note that the induced subgraph of vertices on the cycles of G € A(p,q) (or
B(p,q), C(p,q,1D)) is showed in figure 4(a) (or (b),(c)) and C(p,q,1) =C(p,p+
q—2,p—)=Cp+q—2.,q9.9—-1).

2.  Extremal graphs in A(p, q)

Let S, (p, g) be the graph in A(p, ¢) such that n+ 1 — p — g pendent edges
attach to the common vertex of C, and C,.

Lemma 2.1. For any graph G € A(p, g), if G is not isomorphic to S, (p, g), then
(i) RY(S,(p,q)) > RY(G), for @ > 1 or a < 0;
(i) R2(S.(p,q)) < RUG), for 0 < < 1.

Proof. Repeating Transformation B, any graph G € A(p,q) can be changed
into a graph G’ in which the edges not in the cycles C, and C, are pendent
edges, by lemma 1.3, Rg(G/) > Rg(G) (for @ > 1 or @ < 0) or RS(G/) < RS(G)
(for 0 < a < 1). And repeating transformation A, G’ can be changed into a
graph G” in which these pendent edges are attached to the same vertex u, by
lemma 1.2, RS(G”) > RS(G/) (fora > 1 ora < 0) or RS(G”) < RS(G’) (for
0 < a < 1). If u is not the common vertex of C, and Cy, i.e., G” # S,(p, q),
then RY(S,(p, q)) > RU(G") (for @ > 1 or a < 0) or R%(S,(p,q)) < RY(G") (for
0<a<1) from

RY(Sx(p,q)) — RU(G")
=[(k +4)* +2%] — [(k + 2)* + 4]
=[(k +4)* — (k +2)*] — [4* — 2]
(or = [(k +4)% — 4%] — [(k + 2)* — 2%]),

where k=n+1—-p—gq.

Lemma 2.2 (1). If p > 3, then
(i) RY(Sn(p, ) > RYU(Su(p —1,9)), for @ > 1 or a < 0;

(a) (o)

(b)

Figure 4.
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(i) RO(Su(p.q@)) < RY(Su(p —1,9)), for 0 <a < 1;

(2) If g > 3, then
(i) RY(Su(p,q) > RY(Su(p,q — 1)), for @ > 1 or a < 0;
(ii) RY(Su(p.q)) < RY(Sp(p.q — 1)), for 0 <o < 1.

Proof. (1) By the definition of R%(G), we have

A =RYS.(p—1.9) — R (Su(p. )
=[n+6—p—g)*+1]—[(n+5—p—qg)* 2]
=l +6—p—q)* —(n+5—p—q)*] = [2% = 1]
=g —n*h Eem+5-p—qgn+6—p—q)inel,2).
Then A > 0 when o > 1 or @ < 0; A < 0 when 0 < o < 1. So, the proof of
lemma 2.2 is completed.

(2) It can be proved like (1).
By lemmas 2.1 and 2.2, we have

Theorem 2.1. If « > 1 or @« < 0, then the graph in A(p, g) with maximum
zeroth-order general Randi¢ index is S,(p, ¢), and the graph in A(p, g) for all
p = 3 and ¢ > 3 with maximum zeroth-order general Randi¢ index is S, (3, 3).

If 0 < @ < 1, then the graph in A(p, ¢) with minimum zeroth-order general
Randi¢ index is S, (p, ¢), and the graph in A(p, g) for all p > 3 and ¢ > 3 with
minimum zeroth-order general Randi¢ index is S, (3, 3).

3. Extremal graphs in B(p, q)

Lemma 3.1. For any graph G € B(p, g), if the length of the shortest path con-
necting C, and C, in G is r, then

(i) RUT!(p,q)) > RUG), for a > 1 or a < 0;
(i) RU(T (p,q)) < RY(G), for 0 < < 1,

where 7, (p, q) is obtaining from connecting C, and C, by a path P of length
r and the other edges are all attached to the same end-vertex of P (see figure 5

(a) or (b)).

Figure 5.
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Proof. Repeating transformation B, the graph G € B(p, ¢) can be changed into
a graph G’ in which the edges not in the cycles C,,, C, and P are pendent edges,
by lemma 1.3, Rg(G/) > Rg(G) (for ¢ > 1 or @ < 0) or Rg(G/) < Rg(G) (for
0 < a < 1). And repeating transformation A, G’ can be changed into a graph
G” in which these pendent edges are attached to the same vertex u, by lemma
1.2, R%G") > RY(G") (for @ > 1 or @ < 0) or RY(G") < RY(G") (for 0 < < 1).
If u is not a end-vertex of P, then Rg(Tn’(p,q)) > Rg(G”) (fora > 1 or ¢ < 0)
or RU(T!(p,q)) < RUG") (for 0 < a < 1) from

RYUT! (p, 9)) — RUG")
= [(k + 3)* 4 2%] — [(k + 2)% + 3°]
= [(k + 3)* — (k +2)%] — [3% — 27],

where k=n+1—-p—q—r.

Lemma 3.2. (1) If p > 3, then
(1) Rg(Tn’(p —-1,9)) > Rg(Tn’(p,q)), fora > 1 ora <0;
(i) RY(Ty (P —1,9)) < RY(T;] (p,q)), for 0 < < 1;

(2) If ¢ > 3, then
(i) RUT (p,q — 1)) > RUT!(p,q)), for a > 1 or a < 0;
(i) RY(T,(p,q — 1) < RUT; (p,q)), for 0 < < 1;

(3) If r > 1, then
(i) RUT N (p,q)) > RUT! (p,q)), for a > 1 or a < 0;
(i) RUT ' (p, ) < RUT!(p,q)), for 0 < < 1.

Proof. (1) By the definition of R)(G), we have

A=RNTr(p—1,9) — RUT(p.q))
=[n+5—p—q@)*+1¥1—[(n+4—p—q)*—2%]
=ln+5-p—q)*—(m+4—p—q@)*]—[29 = 17]
=aE* ! — el Eem+d—p—qgn+5—p—q);ned,2).

Then A > 0 when ¢ > 1 or @ < 0; A < 0 when 0 < o < 1. So, the proof of
lemma 3.2 is completed.

(2) and (3) can be proved like (1).

By lemmas 3.1 and 3.2, we have

Theorem 3.1. If @ > 1 or @ < 0, then the graph in B(p, ¢) with maximum zeroth-
order general Randi¢ index is Tn](p, q), and the graph in B(p,q) for all p > 3
and ¢ > 3 with maximum zeroth-order general Randi¢ index is Tn1 (3, 3).
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If 0 < a < 1, then the graph in B(p, g) with minimum zeroth-order general
Randi¢ index is Tn1 (p,q), and the graph in B(p, g) for all p > 3 and ¢ > 3 with
minimum zeroth-order general Randi¢ index is T”1(3, 3).

4. Extremal graphs in C(p, ¢, 1)

As in sections 3, we have the following results and omit their proofs here.

Lemma 4.1. For any graph G € C(p, ¢q, ), we have
(i) R26L(p,q) > RYUG), for a > 1 or a < 0;
(i) R2OL(p,q)) < RUG), for 0 < < 1

where 6! (p, ¢) is obtaining from the graph in figure 4(c) by attaching n+17+1—
p — g edges to one of its vertices with degree 3.

Lemma 4.2. (1) If p > 3, then

(i) RYO (p—1,9) > R%6L(p,q)), for a > 1 or a < 0;

(i) ROOGL(p—1,9)) < RO(BL(p. 9)), for 0 <a < 1;
(2) If g > 3, then

(i) RY©L(p,q — 1) > RA6L(p, q)), for a > 1 or & < 0;

(i) R (p.q = 1) < RG(B,(p.q)), for 0 < < 1;
(3) If I > 1, then

() R3O, (p. ) > Ry(6,(p.q)), for & > 1 or a < 0;

(i) RYG, (. 9)) < RY(6,(p, @), for 0 < < 1.
Theorem 4.2. If « > 1 or @ < 0, then the graph in C(p, ¢g,/) with maximum
zeroth-order general Randi¢ index is 9,11( P, q), and the graph in C(p, ¢, ) for all
pli g; g > 3 and [ > 1 with maximum zeroth-order general Randi¢ index is
& ’If 0 < a < 1, then the graph in C(p, ¢, ) with minimum zeroth-order gen-

eral Randi¢ index is Ofl(p,q), and the graph in C(p,q,l) forall p > 3,q > 3
and / > 1 with minimum zeroth-order general Randi¢ index is 9”1(3, 3).

5. Extremal graphs in G(n,n + 1)

Theorem 5.1. (1). 9,}(3, 3) is the graph with maximum zeroth-order general
Randi¢ index in G(n,n+ 1) for > 1 or a < 0;
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2) 9,11 (3,3) is also the graph with minimum zeroth-order general Randi¢
index in G(n,n+1) for 0 <a < 1.

Proof. By theorems in sections 24, we only need compare the zeroth-order
general Randi¢ indices of S,(3, 3), Tnl (3, 3), and 6,(3, 3).

Ay = RJ(6,(3,3)) — R)(S.(3,3))
=[n—D*4+3*42x2+(n—4D]—-[(n—-D*4+4x2+ (n—95)]
— [3(1 _ 201] _ [20[ _ la]
=aEe !t —p*h (£ €(2,3),n¢e(1,2),

Ay = RY(6,(3,3)) — RU(T,} (3, 3))
=n—D+3*4+2x2+(n—4)]—[(n—=3)*4+4x2+ 3+ (n— 6)]
=[(n— ¥ — (n = 3)*] = 2[2% — 1]
=2a* =" Eem—3n-1),n¢€(,2),

A3z = RY(S,(3,3)) — RY(T,} (3, 3))
=[n—D*+4x2%4+m—=5]—[(n—3)*+4x2%+3%+ (n — 6)]
=[(n— 1)* = (n —3)*] = [3* — 1%]
= 2wt =y (Eem—3n-1),ne(,3).

Then A; >0whena >1lora<0; A; <OwhenO0O<a<1(@(=1,2,3).
So, the proof of theorem 5.1 is completed.
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